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A1

mathematica2}l I3+A| At

A 1A 7rAs A4l
1.1 2 F-3}17]
22 —2r+1=09 =& F A}

Solvel[x"3 - 2 x + 1 == 0]

w- Solva[x*3-2x+1 =0]

cor {tm =13, fxo = (-2-95)}, fxs 2 (-24¥5) ]}

a9 11 2 T8

fo% P sinzdrd] BEZFS & H A mathematicad] W EL olg)e} 7

o},

Integrate[x~3*Sin[x], {x, 0, 2*Pi}]
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BUntitled-1 = Q@@

~

.. Integrate[x*3xSin[x], {x, 0, 2% Pi}]

s 12 7= §omr?

100% +

139 1.2: AE3S}H)

1.3 System of equations = 7]
H A Zo] l=(consistent) systemS 2 o] K A}
20 —3y+4z = 2
3xr—2y+z = 0
r+y—z2 = 1
9] 22 (7/10,9/5,3/2)T o]t}. Mathematica® 2-213j X =},

Integrate[x"3*Sin[x], {x, 0, 2*Pi}]

B system.nb =

wu-Sys = {2x-3y+4z=2, 3x-2y+z==0,
X+y=-z=1};
sols = Solve[sys, {x, v, z}]

ST SHEEE)

% 1.3: Nonsingular system = 7]
7 system©| inconsistent 3F'H Mathematicas= o3t k= =2 3} A] A
Ht}. singulargl A1 ¢ &) A}
20 -2y +2z = =2
—zrz4+y+3z = 0
—3r+3y—2z = 1

sys={2x - 2y - 2z == -2, -x +y +3z==0,-3x +3y -2z ==1};
sols=Solvelsys, {x, y, z}]
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B system.nb *

sys={2x-2y-2z=-2,
-X+y+32==0, -38+3y-22z==1};
sols = Solve[sys, {x, vy, z}]
.“::"

100% ~

9 1.4: Singular system = 7]

1.4 Asymptotic expansion

Mathematica command:
w- Collect [Expand[ (1 +€eX) 4] ’ e]
wrl+d4Xe+6X°e?2+4ax3e3+xte!

29 1.5: Polynomial expansion.

A2Ad ag= ag]7)
2.1 2z} 28= 187
y=sinz for -7 <2 <279 aYP=E T8 H A}

sys ={2x-3y+4z==2,3x-2y+z==0,x+y-2z-==1};
sols = Solvel[sys, {x, y, z}]

oA 7 Ae] PoE & Tehmo] Lehh A
pl = Plot[Sin[x], x, -P1i, 2 Pi
p2 = Plot[ArcSin[x], x,-1, 1, PlotStyle — GrayLevel[0.3], DisplayFunction
— Identity];
p3 = Plot[x, x, -Pi, 2 Pi, PlotStyle — Dashing[0.01], DisplayFunction —
Identity];
S et 2 At et
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BUntitled-1 = Q@@

«- P1 = Plot[Sin[x], {x, -Pi, 2Pi}]

0

100% ~

19 1.6: Sine 34 18] 7)

2.2 3x¢ gz 187

ofelel Ao] 3xglel A o @A TP A& BA.

A AA Zol I flz,y)E BT
flx_, y.1] =x"2y/(x"4 + 4 y~°2)
2930 339 2e=g 28] S8 hee) Helels dgwc

Plot3D[f[x, yl, {x, -1/2, 1/2}, {y, -1/2, 1/2}, Axes -> Automatic,
Boxed -> False, PlotPoints -> {50, 50}]

a¥(1.8)c] 28Hr}. o] 2l ContourPlotg 2 51141 T
2 el 4% ok s 2ol AW gl

ContourPlot [f[x, yl, {x, -1/2, 1/2}, {y, -1/2, 1/2},
PlotPoints -> {50, 50}]

ContourPlot& AF&3 A 28y 28(1.8)2] ofef o] 8] = 7} contour 3t

Egoltt
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= P2 = Plot[AzxeSin[x], {x, -1, 1}, PletStyle -+ GrayLevel([0.3],
DisplayFunction + Identity];
p3 = Plet[x, {*, -Pi, 2Pi}, PlotStyls - Dashing[{0.01}],
DisplayFunctien » Identity]:

«. p4 = Show[pl, p2, p3, PlotRange » {{-Pi, Pi}, {-Pi, Pi}},
AspectRatic » Automatic]

IH 1.7 e og 7 18]
2.3 Parametric equations Z#]|Z 12]7]|
Toj] &3t Parametric equation©] ¢JT}.
r = t+sin2t
y = t+sin3dt where — 27 <t <27

Mathematica @+ parameterS 7 2] 3lo] AL-&35H ).

x[t_1=t+Sin[2t]; y[t_]l=t+Sin[3 t]; ParametricPlot[x[t],y[t], t,-2Pi,2Pi,

AspectRatio->Automatic]
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Bplot3d.nb EEX
- E[%_, ¥ ] =x%~2y/ (x~4+4y"~2) |2
2y
’ x4 +4y2

- Plot3D[£[x, v], {x, -1/2, 1/2},
{v, -1/2, 1/2}, Axes » Automatic,
Boxed -+ False, PlotPoints —» {50, 50}]

wn- ContourPlot[f([x, v], {x, -1/2,1/2},

{v,-1/2, 1/2}, PlotPoints -> {50, 50}]

100% =

a2 1.8: 3x49 23 =2} Contour L3 =

= 14

2 wj o] = 2 ContourPlot3DE ©]-&3std H g st}
o| & £, o}g] A3} Z+o] nonparametric form®] Scherk’s fifth surface 1
2(1.10)= ContourPlot3DE AFg3le] 128 H AL

—

sin z = sinh z sinh y (1.1)

ContourPlot3D[Sin[z]-Sinh[x]Sinh[y],x,-5,5,y,-5,5,z,-Pi,4Pi,Contours->0.0]

parametrically+= T2 213} Zbo] TA|S 4= =1,
x(u,v) = (arcsinh(u), arcsinh(v), arcsin(uv)

(1.2)
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Bl Untitled-2 =

x[t ] =t+Sin[2¢t]; &
ylt ] =t+sin[3¢t];

ParametricPlot[{x[t], v[t]l},
{€; -2Pi; 2Pi};
AspectRatio -> Automatic]

i 7

v

100% «

13 1.9: Parameter 18] =

o] 212 5 (H,mean curvature) 7} 0°] =+ minimal surface©] t}.

o Eg+2Ff + Ge
 2EG — F?

= 0. (1.3)

A 3 A First Order Differential Equations
First Order Differential Equations2 ¢ ¥H8 0 2 =g ¥4 tof] o] Sk p(t), q(¢)ll

o3 Ao 2 e,

Wy bty = ott). (14)

3.1 Integrator factors

u] 5 4] (1.4) 9] Integrating factor & Fako] 2 T8 4 9t} kg A=
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29 1.10: Scherk saddle tower

intf = DSolve[{y’[x] == 3 y[x]}, y[x], x]
ol FA Yt 7|4 AT intfE yoll ht F= AL
y[x] /. intf

Sed Al Aoh et
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wzpe Aintf = DSolve[{y'[x] == 3y[x]}, v[x], x]
s {{y[x] » e**c[1]}}

o y[x] /. intf
e {7 c[1]}
too%s
19 1.11: Integrating factor
28 ool 2o TRA.
Bintf.nb = g@'@

wza= intE2 = DSolve [{y ' [x] = 3y([x], ¥([0] =1}, yv[x], x]

sare- {{w[x] »e**}}
ee- Plot[y[x] /. intf2, {x, -1, 1}, PlotStyle » {Blue, Thick}

100% =

1% 1.12: solution graph

Al 4 A Second-Order Linear Equations

d2
4512} —y=t—2—5cost —e /2
DSolveE AMg3lH 28 33 4 Qlt}. Mathematica® T3} ZHo] &

Y X =}

soll = DSolve[4 y’’[t]- y[t]l==t -2 -5Cos[t] -Exp[-t/2], y[t], t]
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Simplify[soli]

B secondorder (1).nb =1
ez SO11 = ~
DSolve[4y''[t] -y[t] =t-2-5Coes[t] -Exp[-t /2],

yit], t]

ot {{y[t] se?cll] s e c[2] -

1
— 2 (—1 -Be?_tsde?E-_4e"? Cos[t])}}
4 v

100% ~

13 1.13: Second Order Equation

4.1 Nonlinear Differential Equationoi] 4] 2] A&}
= AolA Z& FEs) 1AL

dzx

X = e-a-y)
d
d—gz = y(0.5—0.25y —0.75z) where x and y are nonnegative. (1.6)

MathematicaZ 9]¢ % A& F(x,y)2} Gz, y) 2 2] strh

Flx_,y_]
Glx_,y_]

x(1 -x -7y
y(0.5 - 0.25 x - 0.75 x)

o] A o] Al(algebraic equation)< 9] critical pointsE -3t}

x(l—z—y) = 0
y(0.5— 0.25z — 0.75y) = 0
89 critical points+ (0,0), (1,0),(0,2) 222 (0.5,0.5)°] L2t}
Mathematica@ = (the solutions of the system)-& SolofSys2 F1i1 o} &}

2ol 918 & AYach

SolofSys = Solve[{F[x,y] ==0, G[x,yl==0},{x,y}]
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Bmathematica0.nb = =13

= F[x , ¥1] t=x(1L -x-y)
G[x , v ] :=y(0.5-0.25y - 0.75x)

wn- SolofSys = Solve[{F[x, v] == 0, G[x, y] =0},
{x, v}]

T, ¥y=20.7}, {x-0.",y>2.7},

5", y20.5"}, {x->1.",y-50."}}

100% ~

Qre] Alo g F Ao} T2 critical pointsE & Stt}. critical pointsE -

o 7+ H ZA oA Z(linear approximated) ] 5 #Z3HAL

F(z, F,(x,y 1—-2x—y —x
S [BEn Ben) .
Ga(z,y) Gy(z,y) —-0.75y 0.5 — 0.5y — 0.75x

x =0,y =00] ™ T} linear system< QA F T}

d [z 1 0 T
= - (1.8)
Y 0 0.5 Y

2 21(1.8)9] eigenvalues®} eigenvectorsS 31

1 s [0
r =1, 51: i re=05, &=
0 1
w}2}A general solution-2
T 1 0
—¢ et + e 60.575
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r=1,y=09 2%, t}2 linear system= A A Hr}.

d €T -1 -1 x
" _ (1.9)
2 2A)(1.11)9] eigenvalues®} eigenvectors= 3}
1 4
n=-1, &=| |; rn=-025 &=
0 3
whEkA] general solution-
T 1
e et o025t
y 0 —3
=0,y =22 A%, FA3A t}S linear system<S & A T}
d T —1 0 x
u _ (1.10)
Y —-1.5 —-0.5 y

2 21(1.11) 9] eigenvalues®} eigenvectorsS 31

1 0
n=-1 &=1| |; rn=-05 &&=

3 1

w2} A general solution-2

— et + ¢ o058
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x=0.5,y =0.59 3%, linear system< t} 3} 2T}

d [z -0.5 —-0.5 x
= - (1.11)
y —0.375 —0.125) \y
2 21(1.11)¢] eigenvalues®} eigenvectorsS 31
—5 4+ /57 1 1
r o= J{iﬁ ~0.1594, &= ~ ,
(=3 —\/57)/8 ~1.3187
5 /57 1 1
R —0.7844, &%= ~
(=3 +/57)/8 0.5687
w}2}A general solution<
r — 1 e 01594 4 1 078448
y —1.3187 0.5687
mathematicaZ % 12 H A}
Al critical pointsE sl BAF (20,90)E R HA F(0,0) 0.2 £ 2
°FZ (z1,yl1)2 H(0,2), (22,y2)2 A (0.5,0.5)C 2 vpx]e; HL& (23,y3)

H(0,2)2= Ao gt

x0=SolofSys[[1,1,2]];
yO0=SolofSys[[1,2,2]11;
x1=SolofSys[[2,1,2]];
y1=SolofSys[[2,2,2]1];
x2=SolofSys[[3,1,2]1];
y2=SolofSys[[3,2,2]11;
x3=SolofSys[[4,1,2]];
y3=SolofSys[[4,2,2]1];
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8] 3 critical points®] -2 SSETCRo] 2l A 2] sir}.

SETCR={{x0,y0},{x1,y1},{x2,y2},{x3,y3}};

B mathematicaO.nb =

- X0 = SolofSys[[1, 1, 2]];
y0 = Solofsys[[1, 2, 2]]:;
x1 = Solofsys[[2, 1, 2]];
yl = Solofsys[[2, 2, 2]]:
x2 = SolofsSys[[3, 1, 2]];
y2 = SolofsSys[[3, 2, 2]]:
x3 = SolofSys[[4, 1, 2]];
y3 = SolofSys[[4, 2, 2]];
SSETCR = {{x0, y0}, {x1, y1}, {x2, y2}, {x3, y3}}:

-

100% =

13 1.15: critical points®} 7 S A2 s}

0 <

<
o of

il

5o 2 WEdE (vectorfield) & 2 EX. WE =9 H
<1590 <y <28 Fx. 18 18]+= Mathematica &

9} 2t

flo rlr

Fig = VectorFieldPlot [{F[x, y], G[x, yl}, {x, 0, 1.5}, {y, 0, 2},
Axes -> True, AxeslLabel -> {x, y}, AxesOrigin -> {0, 0},
Background -> LightBlue,

Epilog -> {PointSize[Large], Point[SSETCR]}, ImageMargins -> 5,
PlotRange -> {{-.1, 1.6}, {-0.1, 2.1}},
Ticks -> {{0, 0.25, 0.5, 0.75, 1, 1.25, 1.5}, {0, 0.5, 1, 1.5, 2}}]
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Bmathematica0.nb =

Fig; = VectorFieldPlot[{F[x, v], G[x, v]}.
{x, 0, 1.5}, {v, 0, 2}, Axes - True, AxesLabel - {x, v}
AxesOrigin -» {0, 0}, Background - LightBlue,
Epilog » {PointSize[Large] , Point[SSETCR]},
ImageMargins » 5, PlotRange » {{-.1, 1.6}, {-0.1, 2.1}}
Ticks -+ {{0, 0.25, 0.5, 0.75, 1, 1251 5},
{0,0.5,1, 1.5, 2}}]

LA O AP P e
E A A
R A P
N AL LR R N e b e
N A A e e A s B R e e

O e T T

v
>
100%~ :p

132 1.16; WEI=E a8 E)

mathematica® Critical Points £ o] & AHE A} 2](1.7)2 o)
9} Zro] A 4= gtk JE LMo 2 Aottt 18 MatrixForm<
Agao] Ag Eo

B mathematical.nb =

D[F[x, y], x] D[F[x, ¥], ¥] ) i
D[G[x, y], x] DIG[x, v], v]

:- MatrixForm[ILM]

100% «

19 1.17: Jacobiang F3it}.

AANA F3F LMS o] 83} critical point(z0,y0)E o Y 3te] o] P&
< LMoz} gt} 18] 1 Eigensystem ™ 3 o] 2 eigenvalue®} eigenvector&
T332 A WA A Tgho] eigenvalue o] a1 U A] = o] eigenvectors gk
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Bmathematica0.nb *
D[F[x, y], x] D[F[x, y], ¥]
DIG&[x, ¥], x] D[G[x, ¥], ¥]

- LMO = )/.{x—>x0,y—yy0}:

.- ESO = Eigensystem[LMO]

o {{1.7, 0.5}, {{-1.,0.7}, {0.7, -1."}}}

100% =

29 1.18: eigenvalue®} eigenvectorE - 3hct.

= shift+enterS 3t}

FAE - >F 29 AT whso] A

The Laplace Transform; Differential equations

Al 5 A The Laplace Transform

5.1 Definition of the Laplace Transform

The Laplace transform converts integral and differential equations into al-

gebraic equations. Then the Laplace transform of f, which we will denote
by L{f(t)} or by F(s), is defined by the equation

L{f(t)} = F(s) = /0 T et (),

whenever this improper integral converges.

The Laplace transform is linear: hence, we have

Liaf} =aF, L{f+g¢}=F+G

for f, g are two functions whose Laplace transforms exists.
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[Example] Find the Laplace transform of f(t) = 5e~2! — 3sin4t, t > 0.

[solution]

We may write down L{f(t)} = 5L{e~2} —3L{sin 4t}. Then, we can calulate
the improper integral as follows

) 12

- 0.
st2 2116 °°

L{f} =

Piecewise continuous, if it is continuous there except for a finite number of

jump discontinuities.

[Example] Sketch the graph of the given function and determine whether f is

continuous,piecewise continuous, or neither on the closed interval 0 < ¢ < 3.
t2 0<t<1,
f)=<1 1<t<2,

3-8  9<t<3

[solution] Mathematica command:

flt] = Piecewise [{ {20 <t <1} {1,1<t <2} {3- 5 2<t<3}}]

12 0<t<l1
1 1<t<?2
3-2 2.t<3

0 True

Plot[f[t], {t,0,3}]
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15 20 5 3.0

-05r

-15F

[Problem] Sketch the graph of the given function and determine whether f is

continuous,piecewise continuous, or neither on the closed interval 0 < ¢ < 3.

t? 0<t<l,
=9 & 1<t<e,
2 2<t<3

[Example] Find the Laplace transform, f(t) = t.

[solution]

oo 1 A A 1 )
L{t} = / e S'tdt = lim [—6—5%] _|_/ Zemstar b — =
0 A—o0 S 0 0o S S

Mathematica command:

LaplaceTransform|t, ¢, ]

[Problem] Find the Laplace transforms, f(t) = t? and f(t) = t".

[Example] Find the Laplace transform, if we have f(t) = sinat, t > 0,
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where a is a real constant.

[solution]

o
L{sinat} = F(s) :/ e *tsinatdt, s > 0.
0

—st A A
t
F(s) = Alim {{_e COSG} —8/ et cosatdt} =
—00 a 0 a Jo

[Problem] Find the Laplace transforms, f(t) = cos at.

Denote that certain rules.

L{af(t) + bg(t)} = aL{f(t)} + bL{g(t)}.
L{e" f(t)} = L{f(#®)}s—(s—a)
L{ft—a)H(t —a)} = e L{f(t)}
L{f"t)y = s"L{f)} = s" ' f(0) —--- = sf"3(0) —
L{tf(t)} = —LL{f ()}
L{f()HAg(t)} = L{(f * 9)(1)}

[Example] Establish the Laplace transform,

. 2as
L{t Slnh at} - m
[solution]
. d a 2as
L{tsinhat} = 7 (s—a2> = o

s2 +a?’

23

a
s> 0.

linearity

first shifting rule

second shifting rule
f7=1(0). t-differentiation

s-differentiation

Convolution rule
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[Problem] Find the Laplace transforms, f(t) = tsinat.

Mathematica command:

LaplaceTransform[t * Sin[a * ], ¢, s]

Al 6 A Solution of Initial Value Problems

[Example] Find the inverse Laplace transform of the given function

2s+2

F(s)= ——"=
(5)= o545

[solution]

25+ 2 s+1
-1 __ o971 _ o, —t
L {32—1—25—1—5}_2L {(8+1)2+4}—2€ cos2t, s > —1.

Mathematica command:

example = InverseLaplaceTransform|[(2s + 2)/(s"2 + 2s + 5), s, t];
Complx = ComplexExpand[example];

Simplify[%]

[Problem] Find the inverse Laplace transform of the given function

2s — 3
F =
(5) s2+2s+10
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[Example] We let F(s)

F(s) = / T ettt

0
It is possible to show that as far as f is piecewise continuous on 0 <t < A

for positive A and |f(t)] < Ke* when t > M. Then show that F'(s) =
L{-tf(t)}.

[solution]

Flo)= S0 = et
= i derrwar = [ Cnetrwa=— [T e
= L{tf0)

[Problem] Show that F"(s) = L{(—t)" f(t)}.

If f(t) is piecewise continuous and of exponential order on [0,00) and
L{f(t)} = F(s), then we call f the inverse Laplace transform of F' and
denote it by f = L~'{F}. We have same a linearity such that

LY F+- e By = L7 YR} + -, LTYF,}.

[Example] Use the Laplace transform to solve the given initial value problem.

y' =y —by=0 y(0)=1, y(0)=-1
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[solution] Apply Laplace transform to both sides of the differential equa-

tion.
[s°Y (5) = sy(0) — ¢/ (0)] = [sY(5) — y(0)] = 6Y (s) =0
(2 —5—-6-Y(s)—s+1+1=0
s—2 4 1 1 1
Y = ——— Z
(s) s2—5—6 55+2+55—3
Therefore,
-1 _4 1o
y(t) =L H{Y(s)} = £e + =€

Mathematica command:

eqn = {y"[t] — /[t] — 6y[t] == 0}

EQN = LaplaceTransform|eqn, ¢, ]

InitialCond = {y[0] — 1,¢[0] — —1};

EQN/ InitialCond

Y'[s] = Solve[EQN/.InitialCond, LaplaceTransform[y[t], t, s]|

InverseLaplaceTransform|LaplaceTransform[y[t], t, s] /.Y [s], s, t]

[Problem]

y @ — 4y 16y — 4y +y=0 y(0)=0, y0)'=1, ¢"(0)=0, y"(0)=1

The Unit Step Function

To deal effectively with functions having jump discontinuities, it is very
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helpful to introduce a function known as the unit step function or Heaviside

function. This function is defined by

In applications the Heaviside function often represents a force, voltage, cur-
rent, or signal that is turned on at time ¢ = 0, and left on thereafter.
Translations of the Heaviside function are used to turn such functions on at

times other than 0. For a real number ¢, we define

[Example| Sketch the graph of the given function on the interval ¢ > 0.

g(t) = f(t —3)us(t), where f(t) =sint.

[solution]

Mathematica command:

Plot[Sin[t — 3|HeavisideTheta[t — 3], {t, 0,10}, PlotStyle — Thick]
10 I

05

—05+

~10+
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And change the variables ¢ and c.

Mathematica command:
Manipulate[Plot[Sin[t — ¢|HeavisideThetalt — ¢], {¢,0, 10},
PlotRange — {{0,10},{—1,1}}, PlotStyle — Thick], {c, 0, 10}]

[Problem] Sketch the graph of the given function on the interval ¢ > 0.

g(t) = ui(t) + 3us(t) — 6uq(t).

[Example] Find the Laplace transform of the given function.

[solution]

Mathematica command:

flt-] = Piecewise [{{0,¢ < 2}, {(t — 2)%,t > 2} }]
LaplaceTransform[f|[t], ¢, s]

Plot[f[t], {¢, 0,4}, PlotStyle — Thick]

Plot [HeavisideTheta[t — 2](t — 2)%, {¢,0, 4}, PlotStyle — Thick]

[Problem] Find the Laplace transform of the given function.
0 t<m,
ft) = t—m T <t<2mw

0, t > 2m.
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